REGULARITY OF STABLE SOLUTIONS UP TO DIMENSION 7 
IN DOMAINS OF DOUBLE REVOLUTION 
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Abstract. We consider the class of semi-stable positive solutions to semilinear 
equations — Au = f{u) in a bounded domain Q C M" of double revolution, that is, 
a domain invariant under rotations of the first m variables and of the last n — m 
variables. We assume 2 < m < n — 2. When the domain is convex, we establish a 
priori and Hq bounds for each dimension n, with p — oo when n < 7. These 
estimates lead to the boundedness of the extremal solution of — Au = A/(u) in 
every convex domain of double revolution when n < 7. The boundedness of 
extremal solutions is known when n < 3 for any domain O, in dimension n — A 
when the domain is convex, and in dimensions 5 < < 9 in the radial case. Except 
for the radial case, our result is the first partial answer valid for all nonlinearities 
/ in dimensions 5 < ?z < 9. 



1. Introduction and results 
Let Vt C M" be a smooth and bounded domain, and consider the problem 

( -Au = Xf{u) in n 

(1.1) I u > inn 

[ u = on dn, 

where A is a positive parameter and the nonlinearity / : [0, oo) — > M satisfies 

(1.2) / is C^, nondecreasing, /(O) > 0, and hm = oo. 

It is well known (see the excellent monograph [8] and references therein) that there 
exists an extremal parameter A* G (0, oo) such that if < A < A* then problem ( 1.1[ ) 



admits a minimal classical solution u\, while for A > A* it has no solution, even in 
the weak sense. Here, minimal means smallest. Moreover, the set {ux : < A < A*} 
is increasing in A, and its pointwise limit u* = limx-^\* u\ is a weak solution of 



problem (1.1) with A = A*. It is called the extremal solution of (1.1). 

When fiu) = e", it is well known that u G L°°(n) if n < 9, while u*(x) = log 

\x\ 

if n > 10 and n = Bi. An analogous result holds for f{u) = (1 + uY, p > 1. In 
the nineties H. Brezis and J.L. Vazquez raised the question of determining the 
regularity of u*, depending on the dimension n, for general convex nonlinearities 
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satisfying (1.2). The first general results were proved by G. Nedev [121 US] — see [B] 



for the statement and proofs of the results of [T3] . 

Theorem 1.1 ([12], [13]). Let Q be a smooth bounded domain, f be a function sat- 
isfying ( |1.2 ) which in addition is convex, and u* be the extremal solution of (1.1). 



i) Ifn< 3, then u* G L'^iVL). 

ii) If n > 4, then u* G U'{Q) for every p < 

iii) Assume either that n < 5 or that Q is strictly convex. Then u* G Hl{VL). 

In 2006, the first author and A. Capella [3J studied the radial case. Their result 
establishes optimal and regularity results in every dimension for general /. 

Theorem 1.2 ([3J). Let Q = Bi be the unit ball in M", f be a function satisfying 



(1.2), and u* be the extremal solution of (1.1). 

i) Ifn< 9, then u* G L'^^Q). 

ii) If n > 10, then u* G Lp{Q) for every p < Pn, where 
(1-3) p^ = 2+^^ -. 



2+Vn-l 

iii) For every dimension n, u* G H^{Q). 

The best known result was established in 2010 by the first author [2j and estab- 
lishes the boundedness of u* in convex domains in dimension n = 4. Related ideas 
recently allowed the first author and M. Sanchon [6] to improve Nedev's L'^ estimates 
of Theorem 1 1 . 1 1 when n > 5: 



Theorem 1.3 ([2], [6]). Let Vl dW^ be a convex, smooth and bounded domain, f be 



a function satisfying (1.2), and u* be the extremal solution of (1.1). 
i) Ifn< 4, then u* G L~(fi). 



ii) If n> 5, then u* G Lp{^1) for every p < ^ = 2 + ^ 



The boundedness of extremal solutions remains an open question in dimensions 
5 < < 9, even in the case of convex domains and convex nonlinearities. 

The aim of this paper is to study the regularity of the extremal solution u* of 



(1.1) in a class of domains that we call of double revolution. The class contains 
domains much more general than balls, but is much simpler than general convex 
domains. In this class of domains our main result establishes the boundedness of 
the extremal solution u* in dimensions n < 7, whenever Q is convex. An interesting 
point of our work is that it has led us to a new Sobolev and isoperimetric inequality 



(Proposition 1.7 below) with a monomial weight or density. In a future paper [5], 



we treat a more general version of these Sobolev and isoperimetric inequalities with 



densities (see Remark 1.8 below) for which we can compute best constants, as well 
as extremal sets and functions. They are in the spirit of recent works on manifolds 
with a density; see F. Morgan's survey [TT] for more information. 
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Let n > A and 

(1.4) M" = M™xM'' with n = m + k, m>2, and k>2. 

For each a; G M" we define the variables 

3 = + 



t — \/ ^1nJ^\ + ■ ■ ■ + 

We say that a domain 17 C M" is a domain of double revolution if it is invariant under 
rotations of the first m variables and also under rotations of the last k variables. 
Equivalently, Q is of the form = {x G M" : {s,t) G ^2} where Q2 is a domain 
in symmetric with respect to the two coordinate axes. In fact, ^2 = {{yi,y2) £ 
M2 . 3, ^ (^3,^ ^ = 0, = 0, x„,+i = 2/2, Xm+2 = 0,...,Xn = 0) e n} IS the 

intersection of Q with the (xi, Xm+i)-plane. Note that ^2 is smooth if and only if 
Q is smooth. Let us call Q the intersection of Q2 with the positive quadrant of M^, 
i.e., 

n = \(s,t) G : s > 0,t > 0, and 
(1.5) U , y , , 

(Xi = S,X2= 0, ...,Xm = 0,Xm+l = t,Xm+2 = 0, ...,X„ = 0) G Q} . 

Since {s = 0} and {t = 0} have zero measure in M^, we have that 

V dx = Cm,k I v{s, t)s'^~^t^~^dsdt 



n 



for every L^{Q) function v = v{x) which depends only on the radial variables s 
and t. Here, Cm,k is a positive constant depending only on m and k. 

In the previous theorems, the regularity of u* is proved using its semi-stability. 



More precisely, the minimal solutions u\ of (1.1) turn out to be semi-stable solu- 



tions. A solution is semi-stable if the second variation of energy at the solution is 



nonnegative; see (1.9) below. We will prove that any semi-stable classical solution u 
of (1.1), and more generally of ( 1.8[ ) below, depends only on s and t, and hence we 



can identify it with a function u = u{s, t) defined in (M+)^ = (0, oo)^ which satisfies 
the equation 

(1.6) Uss+Utt^ Ms H — Ut + f{u)=0 toi{s,t)Eil. 

S V 

Moreover, in the case of convex domains we will also have < and Ut < (for 



s > 0, t > 0) and hence, m(0) = (see Remark 2.1). 

The following is our main result. We prove that, in convex domains of double 
revolution, the extremal solution u* is bounded when n < 7, and it belongs to Hq 
and certain spaces when n > 8. We also prove that in dimension n = 4 the 
convexity of the domain is not required for the boundedness of u* (in |2] , convexity 
of Q was a requirement in general domains of M^). 
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Theorem 1.4. Assume (1.4). Let Q C M" be a smooth and bounded domain of 
double revolution, f be a function satisfying (1.2), and u* be the extremal solution 

of (|lT|). 

a) Assume either that n = 4 or that n < 7 and Q is convex. Then, u* G L°°(fi). 

b) If n > 8 and Q is convex, then u* G L^{Vt) for all p < Pm,k, where 

4 

(1-7) Pm,fc = 2+ — ^ , — . 

2+Vm-l ~'~ 2+Vk-l 

c) Assume either that n < 6 or that Q is convex. Then, u* G Hq{Q). 

Remark 1.5. Let g^.fc = 2+Jw-i 2+X~i ' ^^^^^ ^^^^ 2+Vx-i ^ concave 
function in [2, oo), we have q'{x) — q'{n — x) > in [2, |], and thus g(x) + q{n — x) 
is nondecreasing in [2, |]. Hence, g2,n-2 < Q'm.fc < 9f ,f ; ^^"^ therefore < Prn,k < 
P2,n-2- Thus, asymptotically as n — )■ oo, 

2v^ 4 

2 + ^ < Pm,k < P2,n-2 ^ 2 + — . 



Instead, in a general convex domain, estimates are only known for p ~ 2 + - (see 

" 4 



Theorem 



1.3 



ii above), while in the radial case one has estimates for p ~ 2 + 



(see Theorem 1.2 



n 



The proofs of the results in [121 [131 El El E] use the semi- stability of the extremal 
solution u*. In fact, one first proves estimates for any regular semi-stable solution 
u of 

-An = f{u) in Q 
u = on dQ, 

then one applies these estimates to the minimal solutions u\ (which are semi-stable), 
and finally by monotone convergence the estimates also hold for the extremal solu- 
tion u*. 

Recall that a classical solution u of (1.8) is said to be semi-stable if the second 
variation of energy at u is nonnegative, i.e., if 

(1.9) Q„(o= / {m'-f'{u)e}dx>o 

Jn 

for all ^ G Cq{Q). For instance, every local minimizer of the energy is a semi-stable 
solution. 

The proof of the estimates in [3l El [6] was inspired by the proof of Simons theorem 
on the nonexistence of singular minimal cones in M" for n < 7 (see [3] for more 
details). The key idea is to take ^ = |Vn|?7 (or ^ = Urf] in the radial case) and 
compute Qui\^u\ri) in the semi- stability property satisfied by u. In this way the 
expression of Qu in terms of r] turns out not to depend on / and, thanks to this, 
a clever choice of the test function rj leads to and L°° bounds depending on the 
dimension n but valid for all nonlinearities /. 
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Figure 1. A non-convex domain for which the maximum of u* will 
not be M*(0) 



In this paper we will proceed in a similar way, proving first results for general 
positive semi-stable solutions of (1.8) and then applying them to ux to deduce 
estimates for u* . We will take ^ = UsTj and C, = Ufi] separately instead of ^ = |Vu|r7, 
and this will lead to bounds for 



;i.io) 



2a-2 



dx 



and 



ult- 



■2/3-2 



dx 



for any a < y/m — 1 and (3 < \/k — 1. 

When the domain Q is convex, we will have the additional information = 
m(0). Us < 0, and ut < 0, which combined with (1.10) will lead to L°° and 
estimates for u*. 

Instead, when the domain fl is not convex the maximum of u may not be achieved 
at the origin — see Figure 1 for an example in which u{0) will be much smaller than 
llwllioo. Thus, in nonconvex domains we can not apply the same argument. However, 
if the maximum is away from {s = 0} and {t = 0} (as in Figure 1) then the problem 
is essentially two dimensional near the maximum, since dx = Cm,kS^~^i^~^ dsdt and 
both s and t will be positive and bounded below around the maximum. Thus, the 
two dimensional Sobolev inequality will hold near the maximum. We will still have 
to prove some boundary estimates, for instance estimates near the boundary points 
P and Q in Figure 1. But, by the same reason as before, near P the coordinate s 
is positive and bonded below. Thus, the problem near P will be essentially 1 + k 



dimensional, and we assume k 



n ■ 



m < n — 2. This will allow us, ifl-|-fc<n — 1 



are small enough, to use Nedev's [l^j W^'^ estimates to obtain boundary estimates. 
Our result for general positive semi-stable solutions of (1.8) reads as follows. It 



states global estimates controlled in terms of boundary estimates. 



Proposition 1.6. Assume (1.4). Let n C be a smooth and bounded domain 



of double revolution, f be any C function, and u be a positive bounded semi-stable 



solution of (1.8). 
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Let 6 be any positive real number, and define 

Qs = {x e Q : dist(x,(9f2) < S}. 

Then, for some constant C depending only on VL, 5, n, and also p in part b) below, 
one has: 

a) If n < 7 and Q is convex, then \\u\\lo^(^q) < C {\\u\\L^(yi^) + ||/(M)||L°°(fi^)) ■ 

b) Ifn > 8 and Q is convex, then \\u\\LP(n) < C {\\u\\L^(^ns) + ||/(^i)||L°°(n«)) for 
each p < Pm,k, where pm,k is given by (1.7). 

c) For all n > A, < C\\u\\m{ns)- 



To prove part b) of Proposition 1.6 we will need a new weighted Sobolev inequality 
in (M+)2 = {(cr, r) e : a > 0, r > 0}. We will use this inequality in the (a, r)- 
plane defined after the change of variables 



where a and (3 are the exponents in (1.10). It states the following. 

Proposition 1.7. Let a > —1 and b > —1 be real numbers, being positive at least 
one of them, and let 

D = 2 + a + h. 

Let u be a nonnegative Lipschitz function with compact support in such that 
u e C\{u > 0}), 

Mo- < and Ur < in (M+)^, 

with strict inequalities whenever u > 0. Then, for each 1 < q < D there exists a 
constant C , depending only on a, h, and q, such that 



;i.ll) ( [ a^T^lufdadA ' <c( [ a^T''\Vu\''dadA '"^ 



where q* = 



D-q- 



Remark 1.8. When a and b are nonnegative integers, inequality (1.11) is a di- 
rect consequence of the classical Sobolev inequality in M^. Namely, define in 
M.^ = M"+i X ]R''+^ the radial variables a = |(xi, . . . , Xa+i)\ and r = \{xa+2, ■ ■ ■ , xd)\- 
Then, for functions u defined in depending only on the variables a and r, write 
the integrals appearing in the classical Sobolev inequality in in terms of a and r. 
Since dx = Ca^bO'^'T'^dadT, the obtained inequality is precisely the one given in Propo- 
sition 11.71 

Thus, the previous proposition extends the classical Sobolev inequality to the case 
of non- integer exponents a and b. In another article, [5], we prove inequality (1.11) 
with (M+)^ replaced by (M+)'^ and with cr"r^ replaced by the monomial weight 
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where Ai, ...,Afi are nonnegative real numbers. We also prove a related isoperimetric 
inequality with best constant, a weighted Morrey's inequality, and we determine 
extremal sets and functions for some of these inequalities. 

In section 4 we establish the weighted Sobolev inequality of Proposition 1.7| as 



a consequence of a new weighted isoperimetric inequality. Our proof is simple but 
does not give the best constant (in contrast with the more involved proof that we 
will give in [5] giving the best constant). When a and b belong to (0,g — 1) — i.e.. 



(0, 1) when g = 2, as in our application) inequality (1.11) also follows from a result 
of P. Hajlasz [10] in a very general framework of weights or measures. His result 
does not give the best constant and, besides, its constant depends on the support 
of the function. 

We will need to use the proposition for some exponents a and b in (—1,0) — this 
happens for instance when m = 2 or m = 3. In this case the assumption < 0, 
Mr < is crucial for the inequality to hold with the optimal exponent q*. Without 
this assumption, a Sobolev inequality is still true but with a smaller exponent than 
q* (this also follows from the results in [lOj). For a > q — 1 the weight is no longer 
in the Muckenhoupt class Ag and the results in [10] do not apply. 

The paper is organized as follows. In section 2 we prove the estimates of Propo- 
sition 1.6, Section 3 deals with the regularity of the extremal solution of (1.1). 



Finally, in section 4 we prove the weighted Sobolev inequality of Proposition 1.7 

2. Proof of Proposition 11.61 
We start with a remark on the symmetry and monotonicity properties of solutions 



to (1.8), as well as on the regularity of the functions Ug and Ut- 



Remark 2.1. Note that when the domain is of double revolution, any bounded semi- 



stable solution u of (1.8) will depend only on the variables s and t. To prove this, 
define with i ^ j. Note that u will will depend only on s and t if 

and only ii v = for each i,j G {l,...,m} and for each i,j G {m + l,...,n}. 

We first see that, for such indexes i and j, w is a solution of the linearized equation 



of (1.8): 



Av = A{xiUx^ — XjUxJ 
= Xi{Au)x^ - Xj{Au)x^ 

= -f'{u){XiUx^ - XjU^^} 

= -f\u)v. 

Note that f is a tangential derivative of u along dVt since f2 is a domain of double 
revolution. Therefore, since m = on dVL then u = on dVt. Thus, multiplying the 
equation by v and integrating by parts, we obtain 

{\Wv\^ - f'{u)v^}dx = 0. 



8 



XAVIER CAERE AND XAVIER ROS-OTON 



But since u is semi-stable, the first Dirichlet eigenvalue Ai(A + /'(m); fi) > 0. 

If Ai(A + f'{u); Q) > 0, the previous inequality leads to f = 0. 

If Ai(A + f'{u); Q) = 0, then we must have v = K(f)i, where K is a constant and 
01 is the first Dirichlet eigenfunction of A + f'{u), which we may take to be positive 
in Q. But since v is the derivative of u along the vector field dt = Xidxj — Xjdx^, and 
its integral curves are closed, v can not have constant sign. Thus, K = 0, that is, 
V = 0. 



Hence, we have seen that any classical semi-stable solution m of ( 1.8 ) depends only 
on the variables s and t. Moreover, by the classical result of Gidas-Ni-Nirenberg [5], 
when Q is even and convex with respect each coordinate and m is a positive solution, 
we have Ux^ < when Xi > 0, for i = 1, ...,n. In particular, when is a convex 
domain of double revolution, we have that Us < and Wt < for s > 0, t > 0, 
(s,t) G Q. In particular, 

||m||loo(q) = u{0). 



On the other hand, by standard elliptic regularity for ( 1.8[ ) and its linearization 



every bounded solution u of (1.8) satisfies u G W^''p{Q) fl C^''^{Q) for all p < oo and 
< < 1. In particular. 

Us G HUn\{s = 0}) and Ut G HU^t = 0}), 

since Us = Ux^^ ^ ""^m ^ ^^'^ = ""^^m+i ^"^x^^- In addition, since 

u = u{s, t) is the restriction to the first quadrant of the {xi, Xm+i)-pisiiae of an even 
C^'^ function of Xi and Xm+i, we deduce that 

(2.1) Us G Lip(f2), Ut G Lip(f2), Us = when s = 0, and Ut = when t = 0. 

We note that Us and Ut do not belong to C^{Q), neither to H^{Q). For instance, the 
solution of —Am = 1 in i?i C M" is given by -u = 2^(1 — — t^) and, thus, Us = —-^s 
is only Lipschitz in Q. 



Before proving Proposition L6, we will need two preliminary results. The first 
one. Lemma 2.2, was already used in [3l |2]. In this paper we use it taking the 
function c on its statement to be Ug and Mj. Note that c = Ug E Hy^^{Q\{s = 0}) 
but Us is not in a neighborhood in i7 of {s = 0}. 



Lemma 2.2. Let u be a bounded semi-stable solution of (1.8), V be an open set 
with V G Q, and c be a H^^^{V) function. Then, 

/ c{Ac + f'{u)c}r]^dx < / c^\\/7]\'^dx 
Jn Jn 

for all 1] G C^{V) with compact support in V . 



Proof. It suffices to set ^ = c?7 in the semi-stability condition (1.9) and then integrate 



by parts in V. □ 



We now apply Lemma 2.2 separately with c = Us and with c = Ut, and then we 



choose appropriately the test function i] to get the following result. This estimate 



is the key ingredient in the proof of Proposition 1.6 
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Lemma 2.3. Assume (1.4). Let Q C be a smooth and bounded domain of double 
revolution, f be any function, and u be a positive bounded semi-stable solution 
of (1.8). Let a and (3 be such that 

< a < y/m - 1 and < (3 < \Jk - 1. 

Then, for each 5 > there exists a constant C , which depends only on Q, 6, n, a, 
and (3, such that 

(2.2) {uls~'-' + u\t-^^-^} < C (||n|U.(o,) + ||/(n)|Uo.(^^)) , 



where 



{x eVL: dist(a;,(9r]) < 5]. 



Proof. We will prove only the estimate for the other term can be estimated 

similarly. 

Differentiating (1.6) with respect to s, we obtain 



Am., 



u 



m-l)^ + /'(M)M, = in (]\{s = 0}. 



Hence, setting c = in Lemma 2.2 (recall that c = G H'^^^{yL\{s = 0}) by 
Remark 2.1), we have that 

(2.3) (m - 1) 



2V 

n "5 



dx < ull'Vril'^dx 
Jn 



for all r] G C^(f2\{s = 0}) with compact support in fl\{s = 0}. 

We claim now that inequality (2.3) is valid for each rj G C^{Q) with compact 
support in Q. Namely, take any such function rj, and let Q be a smooth function 
satisfying < (s < I, Q = in {s < 6}, (s = I in {s > 26}, and \VCs\ < C/6. 
Applying (2.3) with rj replaced by rjQ (which is and has compact support in 
fl\{s = 0}), we obtain 

(2.4) (m - 1) 

Now, we find 

ul\VivC5)\'dx = 

< 
< 



u 

n " s 



'^dx< I ui\V{r]C5)\''dx. 



C 



ut\Vv\Xidx + 



52 



uAx 



{<5<s<2(5}nn 



ui\Wr^\Xidx + CS 



m— 2 I 



U 



s|Il°°({5<s<2(5)' 



where C denote different positive constants, and we have used that rj and |V?7| are 
bounded. Since Ug is continuous in VL and Us = on {s = 0} by (2.1), we have 
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||'iis||L°=({s<2<5}) — )■ as 5 — J- 0. Recall also that m — 2 > 0. Therefore, letting 5 — )■ 
in (2.4) we obtain (2.3), and our claim is proved. 

Moreover, by approximation by C^{Q) functions with compact support in Q, we 
see that (2.3) is valid also for each i] G Lip(f2) with compact support in Q. 

Let us set t] = t]^ in (2.3), where 



s if s > e 
e^°p if s < e 



and 



P 



in ^5/3 

1 in ^l\Qs/2, 



Then, since < + m — l)<m — 1 



and p is a smooth function. Note that rj^ G Lip(fi) and has compact support in Q. 

< i 
1).- 

m — 



< 



l{a^ + m 



Cs 



-2a 



in ((^\(^5/2) n {s > e} 
in 1^5/2 n {s > e} 
in f2 n {s < e}. 



we deduce from (2.3) 

„2 



a 



-2a-2 "2 



p'dx < C 



nn{s>€} 



-2a 



dx + Ct 



-2a 



Qi/2n{s>£} 



nn{s<e} 



where C denote different constants depending only on the quantities appearing in 
the statement of the lemma. Note that we can bound the dependence of the con- 
stants in m and by a constant depending on n, since for each n there is a finite 
number of possible m and k. Now, since Us G the last term is bounded by 

C||M<j|||ooe"'~^°. Making e — )■ and using that 

(2.5) 2a < 2Vm - 1 < m, 

we deduce 



p^dx < C 



u^s-^^dx. 



a/2 



Hence, since p = 1 in f2\f25/2 5 
(2.6) 



uh'^'^-^dx < C 



uls-^'^dx < C 



5/2 



uls-^^-^dx. 



S/2 



From this we deduce that, for another constant C, 



(2.7) 



uls-^^'-^dx < C 



uls-^'^-^dx. 



s/2 



Let < z/ < 1 to be chosen later. On the one hand, using that Us G Lip(f2) 
and Ms(0,)f:) = (by (2.1)), and that f2 is smooth, we deduce that \us{s^t)\ < 
Cs^ 1 1 Ms 1 1 (^0,1- (f^) in ^5/2^{s < S}. Moreover, since —Am = f{u) in Qs and u\dn = 0, 
by W'^^P estimates we have \\u\\c^,^(n^) < C {\\u\\L^(^ng) + ||/(u) ||ioo(s^^.)) . It follows 
that 

||s"''Ms|U°°(n,/2n{s<5}) < C (||M||L°°(f7^) + ||/(M)|U°°(n4)) • 
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Thus, also in all we have 

(2-8) < C + ||/(M)||L-(f7,)) • 
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On the other hand, recalling (2.5) and taking v sufficiently close to 1 such that 



m — 2a — 2 + 2z/ > 0, we will have 



2„-2a-2 



dx < lis 



S/2 



S/2 



Hence, using also (2.7) and (2.8), 



uls 2" ^dx <C {\\u\\L^(^n^) + \\f{u)\\L^(^ns)y 
as claimed. 

Using Lemma |2.3 we can now establish Proposition L6^ 



□ 



Proof of Proposition L6 Using Lemma 2.3 and making the change of variables 

,2+a .2+/3 



in the integral in (2.2), one has 



^ -1 , 

CaCr2+Q da 



and thus, 
(2.9) 



cr2+. 



t^~^dt = cpT^'^dr, 



Here, \J denotes the image of the two dimensional domain in (L5) after the 
transformation (s,t) i— )■ (cr, r). The constant in (2.9) depends on a and /9. However, 
later we will choose a and /3 depending only on m and A; and hence the constants 
will be controlled by constants depending only on n (since for each n there are a 
finite number of integers m and A;). 

a) We assume f2 to be convex. Recall that in this case ||m||loo = m(0); see Remark 

im 

From (2.9), setting p = Vo"^ + and taking into account that in {r < cr < 2r} 
we have ^ < a < p and | < r < p, we obtain 

(2.10) / + ^ ^2)^^^^ < ^ (||«1|l^(^.,) + 1|/(w)||l^(Q,))' . 

~'(7n{r<(T<2T} 

Now, for each angle 6 we have 



m(0) < / |V(^,^)m|c?p, 
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where I0 is the segment of angle 6 in the {a, r)-plane from the origin to dU. Inte- 
grating in arctan ^ < 9 < arctan 1 = f , 



(2.11) 



u{0) < C 



|V(o-t-)m| 

IV (a,T)u\dpd9 = C ■ dadr. 

'ur\{T<cr<2T} P 



Now, applying Schwarz's inequality and taking into account (2.10) and (2.11) 



^0) <C {\\u\\L^^n,) + \\fiu)\\L^ins)) 
This integral is finite when 



Ur\{T<a<2T} 



1/2 



m k 

+ < 2. 



2 + a 2 + (3 



Therefore, if 
(2.12) 



m 



+ 



k 



2 + 2 + Vk-l 



< 2 



then we can choose a < v^m — 1 and /3 < \/k — 1 such that the integral is finite. 



Hence, since = ^^(0), if condition (2.12) is satisfied then 

||M||L-(f7) < C (||n||L.c(f^^) + \\f{u)\\Loo(^n,)) . 

Let 



m 



Qrn.k 



+ 



k 



2 + 7^^^^ 2 + ^/k^' 

we have that qm,k ^ Q'f ,| < Qi 1 < 2 (note that 
the function q = q{x) in the remark is increasing in x). Instead, if n > 8 then 



If n < 7 then by Remark 



1.5 



qm,k > q2,n-2 > Q'2,6 > 2. Heuce, (2.12) is satisfied if and only if n < 7. 

b) We assume that Q is convex and that n > 8. Note that g: 
and thus 



■ 2 ' 2 



< 



Pm,k > 2 + 



2n 
- 4' 



Hence, without loss of generality we may assume that 

2n 

<P< Pm,k 



n - 4 

and we can choose nonnegative numbers a and (3 such that <m — 1, < k — 1, 
and 

(2-13) p = 2 + ^— V— . 

2+a 2+/3 



This is because the expression (2.13) is increasing in a and (3, and its value for 
a = /3 = is In addition, since qm,k > q2,n-2 > 92,6 > 2, we have that 



m I fc 
2+a 2+13 



2 > and that one of the numbers — 1 or — 1 is positive. 
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Hence, we can apply now Proposition 

k 



b = ^ - I and q = 2 < D 



1.7 



to u = u{a, t) with a 



m -| 

2+a ' 



2+/3- deduce that 

i/p 



1/2 



Here we have extended m by zero outside U, obtaining a nonnegative Lipschitz 
function. By Remark 2A it satisfies Us < and < whenever m > 0, s > 0, and 
t > since Q is convex, and therefore < and Ur < whenever u > 0, a > 0, 
and r > 0. Note also that q* = 2* 
inequality with (2.9), we have 



2D 

D-2 



2 + 



D-2 



p. Thus, combining the last 



i/p 



Finally, since 



a^'W^-^lufdadr = Co^^p s'^-H^-^WY'dsdt = c, 



we conclude 



\u\\lp{Q) < C (||M||L°°(f7,) + \\f{u)\\L°-{Qs)) ' 



c) Here we do not assume to be convex. We set a = in Lemma 2.3 Estimate 
( |2.6 ) in its proof gives 



uls-^dx < C 

and therefore, for a different constant C, 

uidx < C 



u^dx, 



5/2 



uAx. 



S/2 



Since, for 1 < i < m and m + \ < j < n, u^- = Ug'^ and = Ut^y this leads to 



as claimed. 



□ 



3. Regularity of the extremal solution 



This section is devoted to give the proof of Theorem L4 The estimates for convex 
domains will follow easily from Proposition L6 and the boundary estimates in convex 
domains of de Figueiredo, Lions, and Nussbaum [7]. These boundary estimates (see 
also [2] for their proof) follow easily from the moving planes method 
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Theorem 3.1 ([7j,[n]). Let Q be a smooth, bounded, and convex domain, f be any 



Lipschitz function, and u be a bounded positive solution of (1.8). Then, there exist 
constants 6 > and C, both depending only on Q, such that 

\\u\\L°°(ng) < C||'u||ii(n), 

where fi^ = {a; G : dist(a:;, dQ) < 6}. 



We can now give the proof of Theorem L4 The main part of the proof are the 
estimates for non-convex domains. They will be proved by interpolating the W^'^ 
and W'^'"'^ estimates of Nedev and our estimate of Lemma 2.3, and by applying 



the classical Sobolev inequality as explained in Remark 1.8 



Proof of Theorem I.4 As we have pointed out, the estimates for convex domains 



are a consequence of Proposition 1.6 and Theorem 3.1[ Namely, we can apply the 



estimates of Proposition 1.6 to the bounded and semi-stable minimal solutions ux 



of (1.1) for A < A*, and then by monotone convergence the estimates hold for the 

|ma||li{q) < < 00 for all A < A*. 



extremal solution u*. Note that 



To prove part c) for convex domains, we use part c) of Proposition 1.6 with 
6 replaced by 6/2 and 6 given by Theorem 3.1 We then control ||m||hi(o^/2) by 
\L°°{ns) + ||L°°(fii) using boundary estimates. Finally, we use Theorem 3.1 



\u\ 



Next we prove the estimates in parts a) and c) for non-convex domains. 

We start by proving part a) when Q is not convex. We have that n = 4, i.e. 
m = k = 2. In (see its Remark 1) it is proved that the extremal solution 
satisfies u* G W^'P{fl) for all p < Thus, since n = 4, for each p < 4 we have 



\ul\Pdx<C and 



Jn 



*APdx < C. 



Assume that ||M*||Ltx)(Q^-) < C for some 6 > — which we will prove later. Then, 



by Lemma 2.3, for all 7 < 4 we have 



s-''\u*fdx<C and / r^K|^dx < C. 



Hence, for each A G [0, 1], 
Jn 

Setting now a = s", r = f^, and 



K=l + 



A7 



we obtain 



p-x{p-2y 

Ju 
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and taking p = 3, 7 = 3 and A = 3/4 (and thus k = 2), we obtain 

f^^dadT < C. 

Ju 

Finally, applying Sobolev's inequality in the 2 dimensional plane (cr, t), u* G L°°{Q). 

It remains to prove that ||u*||lcx)(q^) < C for some S > 0. Since u* G W^'^^Q) for 
every p < 4, we have 

/ st\Vu*\Pdsdt <C. 

J Us 

Since the domain is smooth, we must have ^ dQ (otherwise the boundary would 
have an isolated point) and hence, there exist tq > and 6 > such that Qs H 
BroiO) = 0. Thus, s > ro/V2 in Jl^ n {s > t} and t > ro/V2 in n {s < t}. It 
follows that 



t\Vu*\Pdsdt < C and / s\Vu*\Pdsdt < C. 

nsn{s>t} Jnsn{s<t} 

Taking p G (3, 4), we can apply Sobolev's inequality in dimension 3 (as explained in 
Remark [L8|, to obtain u* G L°°{ns n {s > t}) and u* G L°°{ns n {s < t}). Note 
that u* does not vanish through all d{fls H {s > t}) and d{Qs H {s < t}), but it 
vanishes on their intersection with dfl — a sufficiently large part of d{Qs H {s > t}) 
and d{fls H {s < t}) to apply the Sobolev inequality. Therefore u* G L°°{Qs), as 
claimed. 



To prove part c) in the non-convex case, let n <6. By Proposition 1.6 it suffices 
to prove that u* G H^{fls) for some 6 > 0. Take ro and 6 such that Qs H -Bro(O) = 0, 
as in part a). 

In [12] it is proved that u* G W^'P{Q) for p < Thus, by the previous lower 
bounds for s and t in {s > t} and {s < t} respectively, 

[ t^-^\D^u*\Pdsdt<C and I s"'-^\D\*\Pdsdt < C. 

Jnsn{s>t} JQsn{s<t} 

Since n < 6, m > 2, and k > 2, we have that A; < 4 and m < 4. It follows 
that ^ < ^ and ^ < Thus, we may take p = ^ and p = ^ 

fe+3 n— 2 m+3 n— 2 ' •' ^ fc+3 m+3 

respectively in the two previous estimates. Now applying Sobolev's inequality in 
dimension k + 1 and m + 1 respectively, we obtain Vm* G L'^{fls D {s > t}) and 
Vu* G ^2(^5 n {s < t}). Therefore, u* G if^(1^5). □ 



4. Weighted Sobolev inequality 

It is well known that the classical Sobolev inequality can be deduced from the 
isoperimetric inequality. This is done by applying first the isoperimetric inequality 
to the level sets of the function and then using the coarea formula. In this way 
one deduces the Sobolev inequality with exponent 1 on the gradient. Then, by 
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applying Holder's inequality one deduces the general Sobolev inequality. Here, we 



will proceed in this way to prove the Sobolev inequality of Proposition 1.7 

Recall that we will apply this Sobolev inequality to the function u defined on 
the (cr, r)-plane, where a = s^"*"" and r = t^^^. Recall also that this application 



will be in convex domains, and thus u satisfies the hypothesis of Proposition L7 
i.e.. Mo- < and Ur < 0, with strict inequality whenever m > 0. Hence, since the 
isoperimetric inequality will be applied to the level sets of u, it suffices to prove 
a weighted isoperimetric inequality for bounded domains U C = (0, oo)"^ 

satisfying the following property: 

(P) For all (aj) G U, t/(-,r) := {a' > : (a', r) G U} and U{a, ■) := {r' > : 
{a, t') E U} are intervals which are strictly decreasing in r and cr, respec- 
tively. 

We denote 

m{U) = I a'^T^dadr and m{dU n {^+f) = [ a^r^dadr. 

Note that in the weighted perimeter m{dU fl (M+)^) the part of dU on the a and 
r coordinate axes is not counted. The following isoperimetric inequality holds in 
domains satisfying property (P) above, under no further regularity assumption on 
them. 

Proposition 4.1. Let U C he a hounded domain satisfying (P) ahove, a> —1 

and h > —1 he real numhers, heing positive at least one of them, and 

D = a + b + 2. 

Then, there exists a constant C depending only on a and b such that 

m{U)^ < Cm{dU n {R+f). 

Proof. First, by symmetry we can suppose a > 0. 

Property (P) ensures that there exists a unique well defined decreasing, bounded, 
and continuous function ip : (0, cf) — )■ (0, oo) for some a > such that 

(4.1) ^ = {(a,r)G(M+)2:r<^(a)}. 

In addition, extending ip by zero in [a, oo), ip is continuous and nonincreasing. Even 
that we could have ip' = — oo at some points, = is integrable (since ip is 
bounded) and thus ip G iy^'^(]R). We have that 

m{U) = - — - / (tV+M(t and m{dU D {R+f) = / a^tp^^/l+^da. 



„ 

Let /X > be such that 



STABLE SOLUTIONS IN DOMAINS OF DOUBLE REVOLUTION 17 

We claim that 

ip{cr) < fi for cr > /i. 

Assume that this is false. Then, we would have iplcr') > ^ for some cr' > fi, and 
hence 

b+lJo b+lJo (a + l)(6+l)' 

a contradiction. On the other hand, since a > 0, 6 + 1 > 0, and ip' ^ 0, 

hoo 



> c / << 1 - — ^' )■ da 



a 



for some constant c depending only on a and 6. 



Finally, taking into account that '?/'(cr) < /i for a > fi, we obtain that -r + - > ^ 



for each a > 0. Thus, recalling (4.2), 

m(dU n (M+)2) > c / (T>''+^ - + - UfT > -m(U) = cm(U) 
Jo VV^ ^/ 



D-l 



as claimed. □ 

Now we are able to prove our Sobolev inequality from the previous isoperimetric 
inequality. We follow the proof given in [H] for the classical unweighted case. 

Proof of Proposition ]! . T\ We will prove first the case 5' = 1. 

Letting xa denote the characteristic function of the set A, we have 

"+00 

X[«(ct,t)>A]C?A. 

Thus, by Minkowski's integral inequality 



D 



"+00 



o°-T''\u\o-^dodr\ < ( o-"'r''x[u(a,T)>x]do-dT\ dX 

.)2 / Jo \J{R+)2 ' J 

+00 ^ ^ 

m{{u{a,T) > \})^d\. 

Since Mo- < and Ur <0, with strict inequality when u > 0, the level sets {u{a, r) > 
A} satisfy property (P) in the beginning of Section 4. In fact, since m^ < at points 
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where u = X > 0, the imphcit function theorem gives that the function ip in (|4.1|) 
when U = {u{a,T) > A} is in (0,cf). Thus, Proposition 



4.1 



leads to 



m{{u{a,T) > X})^ < Cm{d{u{a,T) > X}r]{R+)^) 

= Cm {{u{a,T) = X}n{R+y) , 

whence 



(/ 



D-l 

"+00 



a''T''\u\T^^dadT] <CJ m {{u{a,T) = X} n (R+Y) dX. 



Let Uev be the even extension of u with respect to a and r in M^. Then, 

hOO P+OO 

m ({M(cr, r) = A} n {R+f) dX = - m ({Me„(cr, r) = A}) dX, 

4 In 



and by the coarea formula 



+ 00 

m ({ue^((T, r) = A}) dX = a'^r^lVuevldadr. 



Thus, we obtain 



D-l 

[I aVV|i5^rf(Tdr ) ° <C f aV|VM|darfr, 

Vi(K+)2 / h^+Y 

and the proposition is proved for q = 1. 

Finally, l et u s prove the case 1 < q < D. Take u satisfying the hypotheses of 
Proposition 1.7 and define v = u'^, where 7 = f^. Since 7 > 1, we have that v also 
satisfies the hypotheses of the proposition, and we can apply the weighted Sobolev 
inequahty with g = 1 to get 

1/1* -D-l 

( / a'^T^'luf dadr] = ( [ fTV|t;| s^darfr ) 

\i(IR+)2 / Vi(IR+)2 / 



< C / a^T^lVvldadr. 
Now, |Vf I = ■yu'^'^^\Vu\, and by Holder's inequality it follows that 
/ a^T^lWvldadr <C ( [ aV''|Vxi|''darfrV f / a''T''\u\^^'-^^''' dadrY'^ 

i(M+)2 Vi(M+)2 / Vi(K+)2 / 

But from the definition of 7 and q* it follows that 

7-1 111 . , , 

q* I* q* q' 

and hence 

( f a'^T'^luf dadA <c( [ aV''| Vwl^rfarfr) , 
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as desired. □ 
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